
B = h ( m ~ 2 . 2 9 ( a + t )  [ t(;~, ~2--4 [,nh~ ~ ]b 
~ ] (=_ ~)~ u~ L 9 ~ _  4 iV)  u~]. 
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I N H O M O G E N E O U S  H A R D E N I N G  M A T E R I A L  
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O F  AN 

UDC 539.374 

Considera t ion  is given to c o m p r e s s i o n  and bending of a plane infinite wedge at whose t ip a concentra ted  
force  P(t) is applied vary ing  with t ime  by a specia l  rule .  The ma te r i a l  is a s sumed  to be incompress ib le ,  p l a s -  
t ica l ly  inhomogeneous,  and it obeys  an exponential  hardening rule .  In essence ,  this ma t e r i a l  may also r e l a t e  
to a nonl inear ly  e las t ic ,  nonl inear ly  ducti le body whose compres s ib i l i t y  may  ignored.  A study is also made of 
the effect  of ex terna l  f o r ce s  with which points of the body complete  v ib ra to ry  and monotonic movemen t s  in t ime .  
Concentra ted  fo rces  a re  de te rmined  cor responding  to the deformed s ta te  of the wedge being considered.  Ques-  
t ions of unloading a re  not d iscussed ,  and t h e r e f o r e  for  the case  of p las t ic  bodies a study is  also made of the 
s t ages  of movemen t  which lead to loading. 

The s t r e s s e d  s ta te  in p las t i ca l ly  inhomogeneous bodies under  dynamic ef fec ts  has  been studied in [1-3, 
and o thers] .  A s i m i l a r  analys is  of dynamic p rob l ems  for  p las t i ca l ly  inhomogeneous bodies is  given in [4, 5]. 
A study of dynamic deformat ion  quest ions for  a p las t i ca l ly  inhomogeneous i ncompres s ib l e  body is  of in te res t ,  
p a r t i c u l a r l y  f r o m  the point of view of studying the effect  of iner t ia l  fo rces  on the s t r e s s e d - s t r a i n e d  s ta te  of 
the body. 

Dynamic  p r o b l e m s  for  i ncompres s ib l e  ductile m a t e r i a l s  with a x i s y m m e t r i c  and p lana r  deformat ion  have 
been considered in [6, 7]. 

1. Equations for  deformat ion  theory  of p las t ic i ty  for  an incompress ib le ,  inhomogeneous ma te r i a l  with an 
exponential  hardening rule  in the case  of plane s t r a in  have in normal  notation the following form:  

di f ferent ia l  equations of motion 

O~r I OTtO Or--~O 02u 

OwrO 10~o 2 O~v 
a7 + -7 -~ + -7 ~,o  = P ~t  ~ ; 

(1.1) 

re la t ionsh ips  between s t r e s s  and s t r a in  in tensi t ies  

e _[%~3, g = g ( r ,  0), O--~K] 
t " /  .2 2 

~o = T ~ (~  - -  ~~ + 4~o, ~o = } / ( ~  - -  ~o) ~ + 4~o 

(1.2) 

[K(r, 0) i s  a known function cha rac t e r i z ing  a p las t i ca l ly  inhomogeneous mater ia l ] ;  

Erevan .  Trans la ted  f r o m  Zhurnal Pr ikladnoi  Mekhaniki i Tekhnicheskoi  Fiziki ,  No. 3, pp. 160-165, May-  
June,  1987. Original  a r t i c l e  submit ted  March  3, 1986. 
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r e l a t i onsh ip s  between s t r a in ,  d i sp l acemen t ,  and s t r e s s  componen t s  

Ou t 
= - -  = T k (r, O) a~o (o~ - o), 8r Or 

. I O~ ~ O) 02o (~0 - -  g), e~ = " ; -  + T ~6 = - ~ k ( r ,  

2"~rO= Or r r dO . 

( i  .3) 

[ k ( r ,  0) = K-3(r,  0), ~r = (1/2)(a r + a 0) is  the a v e r a g e  s t r e s s ] .  Subsequent ly  it is a s s u m e d  that i nhomog e n e i t y i s  

gove rned  by the ru le  

K(,,  0) =/~o~(0), (L4)  

where  k is  a cons tan t  value;  w(0) is  a known funct ion d e t e r m i n e d  by expe r imen t .  

D i s p l a c e m e n t  componen t s  s a t i s fy ing  the i n c o m p r e s s i b i l i t y  condi t ion a r e  p r e s e n t e d  as 

u = r - X - ' ~ ' ( O ) f ( t ) ,  v = ~d ' -~ . - l~(O)]( t )  (1.5) 

[~(0) and f(0) a r e  a r b i t r a r y  funct ions  of the i r  own a r g u m e n t s ;  X is a cons tant  pa rame te r ] .  P r o c e e d i n g  f r o m  
re l a t ionsh ip  (1.3) f o r  the s t r e s s  componen t  we have 

L4-2 

or, = % - -  4k (~ + I) r 3 i / ( 0 )  co (0) % (0) ]'/~ (t), 

-~" +---s ( i  .6) 
�9 ~o = kr ~ [ , "  tO) - )~ (;~ + 2 ) ,  (O)] ~o (o) ~ (0) I '/~ (t), 

- !  
(0) = {4 (;~ + 1) ~ ~'~ (o) + W' (0) - ~ (~ + 2 ) ,  (o)l ~} 3. 

By subs t i tu t ing  e x p r e s s i o n s  fo r  d i s p l a c e m e n t s  (1.5) and s t r e s s e s  (1.6) in the f i r s t  equat ion of (1.1), we 
obta in  

_x+__/~ 

3kr 3 ill3 { ( r o = H ( t ) - ] -  ~ + 2  (t) ( [~" (0 ) - -L(L+2) r  

4 } ~ ~-~r  (o) I" (t) + -~  (X ~ - t) , '  (o) co (o) ~ (o) - ~ -  

(i .7) 

[H(t) is  an a r b i t r a r y  funct ion of the a rgumen t ] .  E x p r e s s i o n s  (1.5)-(1.7) will be solved by Eqs .  (1.1) if h = 1, and 
funct ion r s a t i s f i e s  a n o r m a l  second  o r d e r  d i f fe ren t ia l  equat ion 

r (~" - -  3~b) - -  v ~  = A s i n  (O + 6).  ( 1 . 8 )  
~/[,,, _ 3 , )  ~ - to , ,  2 

H e r e  v = ___lX~p)'k; ix is a cons tan t  value; A and 6 a r e  a r b i t r a r y  cons tan t s .  Funct ion  f{t) s a t i s f i e s  a second  o r d e r  
d i f fe ren t ia l  equat ion  

f •  ixl'/  = o,, (1.9) 
whose  solut ion with p ~ 0 is p r e s e n t e d  in q u a d r a t u r e s :  

] 

1/ = +_ j d x / 1 / C , / 3  ~ z4/3~ v ~  ixt (1.10) 
to 

where  f0 and c a r e  p a r a m e t e r s  c h a r a c t e r i z i n g  dynamic  de fo rma t ion .  A minus  in the e x p r e s s i o n  under  the r o o t  
c o r r e s p o n d s  to non l inea r  v ibra t ion  of the body, and a plus  to de fo rma t ion  monotonic  with time~ A curve  for  
r e l a t ionsh ip  (1.10) with f0 = 0 is  given in Fig.  1. 

Equa t ions  for  s t r e s s e s  and d i s p l a c e m e n t s  take the f o r m  

kfl/3(t)[ (0q_5) 8 , ' o  ] err = A cos --  q- H (t),: 
r 3 

i/(~" -- 3~) ~ + 16~ '~ (i o11) 
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k / 1 1 3  (t) 
% = r A cos (0 q- 6) q- H( t ) ,  %0 = ~ [Asin (0 q- 6) q- wp]~ 

f (t) 
u = - 7 -  r  (o) ,  v = r (o) .  

P r o c e e d i n g  f r o m  the condi t ion e0 = 0 with 0 = • in r e l a t ionsh ips  (1.11) we obtain A = 0, It(t) = 0. 
(i. 8) is  wr i t t en  as  

Equation 

(r - 3r -- v# = O. 
. ~ " i * "  - 3r  ~ + t 6 .  '~ (l.iZ) 

Dif fe ren t i a l  Eq. (1.12) is  r e duc e d  to a cubic equat ion r e l a t i ng  to (~" - 3r -~. By d e t e r m i n i n g  i ts  ac tual  
roo t  we a r r i v e  at a d i f fe ren t ia l  equat ion 

, ' -  3 ,  ~/6 V ~  , ' ~  + V ~~176 + ,o8~~ '~ + ~ 6  V~, '~  - r 1 6 2  + ,os~~ '~ = 3 a - -  a (1.13) 

2. In the case  of c o m p r e s s i n g  a wedge by a concen t r a t ed  f o r c e  applied to its t ip it i s  n e c e s s a r y  to  in te -  
g r a t e  d i f fe ren t ia l  Eq. (1.13) with boundary  condi t ions  

= 0 for 0 ---~ O, lp ----- 0 for 0 ~--- 0~. (2.1) 

For numerical solution it is more convenient to reduce (1.13) to a set of two first order equations 

V.o '+  ' (2.2) 

with boundary  condi t ions  (2.1). 

In o r d e r  to e s t ab l i sh  the r e l a t ionsh ip  be tween P(t) and f(t) we c o n s i d e r  equ i l i b r ium fo r  a s e c t o r  not ional ly  
s e p a r a t e d  f r o m  the wedge with a r b i t r a r y  rad ius  r 

P (t) q- 2 ~ (~ cos 0 --  %0 sin 0) rdO = 0. (2.3) 
0 

By subs t i tu t ing  (2.3) in an e x p r e s s i o n  fo r  the  s t r e s s  component ,  a f t e r  s o m e  s impl i f i ca t ion  we obta in  

P(t )  = kJ/1/a(t) ,  

where  

�9 4 a a a a 
J =  2vfapsm0d0 +_- -=  [ [ V s ~  + ]/rs%)' + v ' , ' +  V c o s _  ~ fv '* '  + s%o'] eosOd0. 

Finally, stress and displacement equations are presented as 

(Y r - ~  

vP (t~ . 

pa (t) s pa (t) , 
u ~  6 V ' ~ k a ,  a r ' z ' v - -  kaya r2. 

(2.4) 

With P(t) = const there is static deformation. Then arbitrary parameter u = 0. The solution of Eq. (1.13) 

will be 

(c 1 and c z a r e  a r b i t r a r y  cons tan ts ) .  F r o m  the condi t ion  ~ (0) = 0 it fol lows tha t  c 2 = 0. Equa t ions  for  the s t r e s s  
and d i s p l a c e m e n t  componen t s  have the f o r m  
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s 

lO. 

o 

Fig .  1 F i g .  2 

4 V:i cI/3k~ (0) el?/* 1 / 7 0 ,  Cro = "~,o = O, 

U ~ r2  ~ U ~ -  r2  

(2.5) 

In o r d e r  to d e t e r m i n e  unknown c o n s t a n t  c 1 we c o n s i d e r  s t a t i c  e q u i l i b r i u m  f o r  a n o t i o n a l l y  s e p a r a t e d  s e c -  
t o r  of the  wedge  with a r b i t r a r y  r a d i u s  r 

P 4- 2 J" a~ cos 0. rdO = O. 
0 

By s u b s t i t u t i n g  h e r e  an e x p r e s s i o n  for  a r f r o m  (2.5), we have  

2p 3 
" 1' ~ (0) cx = ~ ,  J1 = S ch 1/s V 3 0  cos Ode. 
0 

Sta t i c  c o m p r e s s i o n  of a h o m o g e n e o u s  wedge  by a c o n c e n t r a t e d  f o r c e  app l i ed  at  the t ip  has  been  s tud ied  in 
[8, 9] f o r  t he  g e n e r a l  c a s e  of g r a d u a l  h a r d e n i n g .  On the b a s i s  of n u m e r i c a l  s o l u t i o n  of b o u n d a r y  p r o b l e m  (2.1), 
(2.2) on a n E S - 1 0 2 2  c o m p u t e r  by the a d j u s t m e n t  me thod  [10], c u r v e s  have been  p lo t t ed  fo r  r e l a t i v e  s t r e s s e s  
a m = [ J r / P ( t ) ] a i  ~ f r o m  Eq.  (2.4) (with ce = 7r /6 ,  u / 2 ,  v = 60) f o r  the  c a s e  of i n h o m o g e n e i t y  w(0) = exp(02/2)  
(F tg .  2). J 

The  p r o b l e m  i s  r e d u c e d  to a Cauchy  p r o b l e m  if  i t  i s  p o s s i b l e  to ob t a in  a s u f f i c i e n t  n u m b e r  of b o u n d a r y  
c ond i t i ons  a t  one of  the  ends  of  the  i n t e g r a t i o n  c u t - o U .  It  i s  a s s u m e d  tha t  i t  i s  p o s s i b l e  to e s t i m a t e  t h o s e  v a l -  
u e s  of the  func t ions  sough t  which  a r e  not  p r e s c r i b e d  at  the  g iven  end of  the  i n t e g r a t i o n  cu t -o f f ,  when e x i s t i n g  
i n f o r m a t i o n  i s  s u f f i c i e n t  fo r  i n t e g r a t i n g  the  s e t  of d i f f e r e n t i a l  equa t ions  both  in the  d i r e c t i o n  of an i n c r e a s i n g  
a r g u m e n t  and in  the r e v e r s e  d i r e c t i o n .  If the  e s t i m a t e s  used  a r e  c o r r e c t ,  then  the  two s o l u t i o n s  found in th i s  
way  wi l l  c o i n c i d e  a t  i n t e r n a l  p o i n t s  of the  i n t e g r a t i o n  cu t -o f f .  T h e r e f o r e ,  the  p r o b l e m  c o n s i s t s  of  s t a g e w i s e  
i m p r o v e m e n t  of the  i n i t i a l  e s t i m a t e s  for  unknown b o u n d a r y  c ond i t i ons  unt i l  the  s o l u t i o n s  co inc ide .  

C o m p a r i s o n  of the r e s u l t s  ob ta ined  with t h o s e  fo r  a h o m o g e n e o u s  m a t e r i a l  i n d i c a t e  tha t  i n h o m o g e n e i t y  
m a r k e d l y  a f f ec t s  the  s t r e s s - s t r a i n e d  s t a t e .  In f ac t ,  wi th  an open ing  angle  a = ~/6 c o n s i d e r a t i o n  of i n h o m o -  
g e n e i t y  l e a d s  to an i n c r e a s e  in r e l a t i v e  n o r m a l  and t a n g e n t i a l  s t r e s s e s  by 20 and 10%, and with a = ~/2 i t  i s  a 
f a c t o r  of 3 and 50~0 r e s p e c t i v e l y .  

3. Now we c o n s i d e r  the  c a s e  when an  in f in i t e  wedge  i s  ben t  by a c o n c e n t r a t e d  f o r c e  P(t) app l i ed  to the  
t ip  p e r p e n d i c u l a r  to the  a x i s .  

S t r e s s  and d i s p l a c e m e n t  c o m p o n e n t s  in th i s  a n t i s y m m e t r i c a l  c a s e  a r e  

8kf ~/~ (0 ~' (0) o~ (0) 

r ~/'[~" (0) --  3r (B)] 2 -F 16t~ '2 (0) 

,~k/113 (t) ~ 
r , l  0 = t ( 0 )  ' ~ 0  = O,  

r"  I" 
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o p(t) 

Fig.  3 

w h e r e  funct ion r (0) is  d e t e r m i n e d  f r o m  d i f fe ren t ia l  Eq. (1.13) with boundary  condi t ions  

~p'(O) -- 0 f o r  0 = O~ (3.1) 

~ ( O ) = O f o r  O = a ,  

and funct ion f(t) is d e t e r m i n e d  f r o m  q u a d r a t u r e  (1.10). 

In o r d e r  to e s t ab l i sh  the r e l a t ionsh ip  between P(t) and f(t) we c o n s i d e r  the equ i l ib r ium condi t ion  fo r  a 
s e c t o r  with a r b i t r a r y  rad ius  r with a cen te r  at the tip not ional ly  s e p a r a t e d  f r o m  the  wedge 

P (t) + 2 ~ (a~ sin 0 -t- xo~ cos O) rdO = O. 
0 

By subs t i tu t ing  he re  s t r e s s  componen t s  us ing a r r a n g e m e n t  (2.2), we find tha t  

P (t) = kJ]  II3 (t), J ---- --  2v i ~ sin 0d0 + 
0 

0 

Final  s t r e s s  and d i s p l a c e m e n t  equat ions  a r e  p r e s e n t e d  in the f o r m  (2.4). With P(t) = cons t  t h e r e  is  s ta t ic  d e -  
f o rma t ion .  Then f o r  unknown function r (0) we obtain  ~ (0) = c 2 cosh~-ff0. 

Equa t ions  fo r  s t r e s s  and d i s p l a c e m e n t  componen t s  take  the f o r m  

4-1,/Y c~/ak(o (0) sh 1/~ 1/r30, ao = %0 = O, 

~2 ~h V z  o ~ ~hV~-o 
r 

In o r d e r  to d e t e r m i n e  unknown cons tan t  c 2 we c o n s i d e r  s ta t ic  equ i l ib r ium fo r  a s e c t o r  with a r b i t r a r y  r a -  
d ius  r not ional ly  s e p a r a t e d  f r o m  the  wedge 

P + 2 i a~ sin O.rdO ----- O. 
0 

Whence  

2p a . y shl/3 ]/rg 0 sin 0d0. 
0 

On the  bas i s  of n u m e r i c a l  solut ion of the boundary  p r o b l e m  (2.2), (3.1) o n a n  ES-1022  c o m p u t e r  by the ad -  
j u s t m e n t  method [10] c u r v e s  were  plot ted f o r  r e l a t i ve  s t r e s s e s  ai* = [ J r / P ( t ) ] a i j  f r o m  Eq. (2.4) (with a = 
r / 6 ,  ~ / 2 ,  v = 60) fo r  the c a s e  of inhomogene i ty  w(0) = exp(02/2~) J (Fig.  3). 

C o m p a r i s o n  of  the r e s u l t s  obtained with those  for  a homogeneous  m a t e r i a l  indica te  tha t  inhomogene i ty  
leads  to an i n c r e a s e  in r e l a t ive  s t r e s s e s .  With ~ = ~ / 6  r e l a t i ve  n o r m a l  s t r e s s e s  i n c r e a s e  by 15%, and with 

= I r / 2  they  i n c r e a s e  by a f a c t o r  of t h ree .  
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ANALYSIS AND DESIGN OF STRUCTURAL ELEMENTS 

WITH OPTIMAL LONGEVITY 

V. A. Zaev and A. F. Nikitenko UDC 539.376+539.019 

P rac t i ca l ly  all invest igat ions  devoted to the opt imal  design of s t ruc tu ra l  e lements  a re  executed under the 
assumpt ion  of s teady c reep  and do not take into account the c i r cums tance  that  the cumulat ive  damage  p ro ce s s  
accompanied  by a continuous red is t r ibu t ion  of the s t r e s s  there in  p r ecedes  f r ac tu re  of the ma te r i a l .  The solu-  
tion of op t imiza t ion  p r o b l e m s  with the t rad i t iona l  opt imal i ty  c r i t e r ion  of the equal s t rength  type r e su l t s  in un- 
r ea l i zab le  des igns  in the ma jo r i t y  of cases .  

In this connection, a var ia t ional  formula t ion  of the p rob l em of analyzing and designing s t ruc tu ra l  e l ements  
with opt imal  longevity is p resen ted  below. It is proposed he re  to use  an opt imal i ty  c r i t e r ion  that  takes  ac -  
count of the total damage  ove r  the volume of the ma te r i a l  during c reep  as the t a rge t  functional. A method is 
developed for  solving this  p r o b l e m  on the bas i s  of nonl inear  p r o g r a m m i n g  methods.  

Let  a body of volume V bounded by a su r face  S be loaded by sur face  loads that  a re  constant  in t ime.  The 
s y s t e m  of equa t ions  descr ib ing  c reep  of the ma t e r i a l  and s imul taneous ly  taking account of the cumulat ive  dam-  
age there in  has the fo rm [1] 

<~1 s~ i, ] : i ,  2, 3; 
plj ( i - ~ ) ~  2s~' (1) 

= r  - ( 0 ) ~ ,  ( 2 )  

where 4}1, 4>2 a re  homogeneous functions in the s t r e s s  of degree  (n + 1) and (g + 1), s i j=  a i j  - (~kkhij /3;  (~ij a re  
s t r e s s  t ensor  components ,  S 2 = s i j sV/2 ,  Pij a r e  c reep  s t r a i n  t enso r  components ,  w is the damageabi l i ty  p a r a m -  J 
e te r ,  and m, n, g a re  m a t e r i a l  c h a r a c t e r i s t i c s ,  and the dot denotes different ia t ion with r e spec t  to.the t ime .  
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